In this paper we reformulate the dilaton-gravity theory of Callan et al. as a new effective conformal field theory which turns out to be a generalization of the socalled SL 2 -conformal affine Toda (CAT) theory studied some times ago by Babelon and Bonora. We quantize this model, thus keeping in account the dilaton-gravity quantum effects. We then implement a Renormalization Group analysis to study the black hole thermodynamics and the final state of the Hawking evaporation.
Introduction
In a series of recent papers [1] − [6] a dilaton-gravity 2D-theory ‡ which has black hole solutions, known as the Callan-Giddings-Harvey-Strominger (CGHS) model, was formulated in order to clarify the problem of the black hole evaporation due to
Hawking radiation. Later Bilal and Callan [7] and also de Alwis [8] have reformulated the CGHS-model as a (but not exactly!) Liouville field theory.
However the resulting theory, which we shall call the Liouville-like black hole (LBH) theory, is still ill-defined when the string coupling constant e 2φ (φ is the dilaton) is of the order of a certain critical value 1 κ , with κ the coefficient of the Polyakov kinetic term in the LBH-model. In this limit a singularity must occur. Furthermore the CGHS and LBH models are consistent if one could neglect graviton-dilaton quantum effects.
In this paper we shall show that when e 2φ ∼ 1 κ the LBH-model can be reformulated as an exact theory generalizing the SL 2 -conformal affine Toda theory, previously studied by Babelon and Bonora [9] in the framework of integrable models. In the following we shall refer to it as the conformal affine Toda black hole (CATBH) model. The CATBH-model allows a standard perturbative quantization and in our picture such a quantization is just a device to unveil the quantum effect of the dilaton φ and graviton ρ because the CAT-fields are suitable functions of (φ, ρ). This reformulation of the black hole evaporation problem has several advantages:
i) It makes an investigation of the black hole physics around the CGHS singularity possible, using the conformal field theory. ‡ The dilaton-gravity, coupled to N matter fields is described by the following action:
where φ is the dilaton, R the scalar curvature, f the matter fields and Λ the cosmological constant, which is supposed to be non-zero in order that the action have nontrivial solutions.
ii) We can study the final state of the black hole evaporation and in particular the "effective" black hole thermodynamics by applying Renormalization Group (RG) techniques to the above conformal affine Toda model. By a physical point of view the back-reaction should modify the Hawking radiation emission and cause it to stop when the black hole has radiated away its initial ADM mass. In our context the Hawking temperature is proportional to a certain coupling constant, √ γ − , of the exponential interaction terms of our CATBH-model. The key point here is to regard γ − as a RG-running coupling constant in terms of the energy-mass scale µ, which roughly speaking measures the ADM mass. In particular if we formulate an ansatz for the black hole solution interacting with N infalling waves, one may study the thermodynamics of the end point of the black hole evaporation by extrapolating over RG-effective couplings to the (classical) energy scale t ′ where the initial ADM-mass goes to zero. This picture gives an approximate self consistent scheme to take into account the back reaction problem in the mechanism of the Hawking radiation: the back reaction lies in a dependence of the Hawking temperature over an energy scale t and the end point of the black hole evaporation is introduced by the limit t → t ′ where M(t) → M(t ′ ) ∼ 0. Here M(t) is the classical ADM-mass parametrized by t and M(t ′ ) ∼ 0 describes the end point state in which all the initial ADM-mass has been radiated away.
iii) Since the CATBH-model is quantum integrable, by using the bootstrap approach one may get the so-called quantum R-matrix and from it one has, by standard techniques, the factorizable S-matrix. We shall return on this argument in a forthcoming work.
[10]
Conformal Affine Toda Black Hole Model
Bilal and Callan [7] have recently shown how to cast the CGHS black hole model in a non standard Liouville-like form. Their key idea is to mimic here the DistlerKawai [11] approach to 2D-quantum gravity so that one must take into account in the CGHS model a dilaton dependent renormalization of the cosmological constant as well as a Polyakov effective term induced by the "total" conformal anomaly. The effect of the Polyakov term in the "flat" conformal gauge g µν = −
1 2 e 2ρ η µν will be to replace the coefficient N 12 of CGHS by a coefficient κ, where κ will be fixed by making the matter central charge (due to the N free scalar fields) cancel against the c = −26 diffeomorphism-ghosts contribution. More specifically they were able to simplify the graviton-dilaton action through a field redefinition of the form
where φ and ρ are respectively the dilaton and the Liouville mode, and κ is a parameter of order N to be adjusted by requirement of conformal invariance. According to this way of thinking κ must be a free parameter. However for κ positive a singularity appears in the regime ω 2 → 1, which is also a strong coupling limit for small κ.
Our purpose, as stated in the introduction, is to define an improvement of the Bilal-Callan theory in such a way that a well defined exact conformal field theory exists also in the "phase" κ positive and ω 2 ∼ 1. The surprise will be that such a theory must be a sort of "massive deformation", which must be conformal at the same time, of the true Liouville theory, as we shall see in the following.
The kinetic part of the Bilal-Callan action is given by
and the energy-momentum tensor has the Feigin-Fuchs form
When ω 2 > 1 the action and the stress tensor can be simplified by setting
leading to the canonical kinetic term 4κ∂ + Ω∂ − Ω. When ω 2 < 1 we must use the alternative definition Particularly interesting is the region where ω 2 (σ) − 1 is changing sign. Let us suppose that ω 2 (σ 1 ) > 1 and ω 2 (σ 2 ) < 1, where σ 1 and σ 2 are two very close points. Then our idea is to define an improved Bilal-Callan kinetic action term in which both fields Ω(σ 1 ) and Ω ′ (σ 2 ) appear. Namely we assume the following contribution to such an improved action:
where the new fields 6) are defined in the point σ = σ1+σ2 2
and C is an irrelevant arbitrary constant.
Let us now consider a field ω(σ) taking values everywhere near to 1 and rapidly fluctuating up and down. We can renormalize (á la Wilson) the above theory in which the undefined Bilal-Callan kinetic term (ω 2 −1)∂ + ω∂ − ω has been replaced by the undefined kinetic term
when ω 2 ∼ 1 the Laplacian term ∂ + ω∂ − ω must be very large in order to have a non trivial propagator for the ω field. This means that our theory is a sort of "UV effective theory" for the LBH model. The next step is to identify the cosmological constant term which can be added to our improved kinetic term. Our strategy here will be the same one of Ref. 7 , but with a subtle difference: the cosmological constant action must be identified with a potential of conformal weight (1, 1) with respect to the improved stress tensor
(where T (σ 1,2 ) is defined in (2.3)), which becomes:
where we have introduced "arbitrary" improvement terms also for ξ and η which, turning back to Ω in the LBH-model, vanish as a consequence of (2.6).
If we choose to consider operators of exponential form, we guess that our complete (i.e. kinetic plus cosmological constant) improved action reads: 8) where A ± are constrained by requiring conformal invariance and δ is a free param-⋆ It is to be noted that the new fields η and ξ are limited from below, but since the region of interest is around 0 this constraint is significative only for ξ, which has to be positive.
eter since it contributes to the weight of the operator only through the combination qδ (see (2.7)) and q can always be conveniently adjusted.
Even if this is not the most general action constructed with conformal perturbations of weight (1,1) with respect to the improved stress tensor (2.7) (as other exponential combinations of the fields χ, η and ξ are possible), one should show that (2.8) is actually sufficient. [10] Very recently Giddings and Strominger [12] have argued that there is an infinite number of quantum theories of dilaton-gravity and the basic problem is to find physical criteria to narrow the class of solutions. Our approach here is to specify the class of solutions of cosmological constant action, which may give a known soluble (for us this means integrable) conformal field theory with physical behaviours. This choice exists and is the one giving (2.8), since if we perform the redefinition
we obtain the well defined conformal invariant Babelon-Bonora-like theory [9] S U V = 1 2π
where
. At the classical level one may always set γ + = γ − = γ and δ = λ (−) = λ (+) = λ (δ is a free parameter) in (2.10); in the following we understand in this sense the classical limit of (2.10).
Notice that this is the unique action in terms of three fields which is at the same time classically integrable, i.e. admitting a Lax pair, and conformally invariant as shown by Babelon and Bonora.
In the "black hole physics limit" the interaction vertex proportional to γ − in (2.10) should give the expected correct behaviour of the cosmological part of the Bilal-Callan action and the γ + -vertex should become negligible in the same limit.
We shall see in the next section that, using a RG argument, this behaviour can be actually obtained at a suitable scale of energy.
Renormalization Group Analysis
We want to consider here the renormalization flow of the classical BabelonBonora action come naturally out if we look at the improved stress tensor (2.7). This leads us to consider the following generalized form of the BB action in a curved space:
Let us now start with the renormalization procedure of (3.2) in a perturbative framework, in the hypothesis that λ (−) 2 ∼ λ (+) 2 ∼ 4. Notice that ξ plays the role of an auxiliary field, a variation with respect to which gives the on-shell equation of motion
which in our perturbative scheme must be linearized around the flat space, giving:
Following Ref. 13 , we define the renormalized quantities at an arbitrary mass scale µ by:
The following quantities are conserved through renormalization:
Following essentially the same procedures of Ref. 13 , with slightly modifications due to the presence of extra fields and by taking λ (+) = λ (−) , we find that the theory can be renormalized at one loop if we restrict ourself to the on-shell renormalization scheme, i.e. if we get rid of the terms in ∂ µ ∂ µ η, produced by the renormalization, using (3.4). ⋆ The curvature terms are taken into account [14] considering the modifications to the trace of the stress tensor, calculated on-shell. We finally get the following β functions:
(3.9)
⋆ The true on-shell theory should rely on (3.3), but at this perturbative order curvature terms can be neglected (they are important only in the renormalization of γ ± ).
Putting together the equations (3.8), we find that also the following quantity is conserved through renormalization:
Using the non-perturbative RG-invariants in (3.6) and dropping out the rather cumbersome R indices, we can rewrite the relevant β functions as:
With the position
we can solve (3.11), for λ (−) 2 ∼ 4, obtaining 13) where t = log µ and b is an integration constant supposed to be real in order to have RG fixed points, which are located at:
Writing explicitly (3.13) and solving (3.11) also for γ ± , we eventually find:
We have described so far the most general situation in which all the parameters are unconstrained. Indeed, following the reasoning of Sec. 2, we have to request that at a certain scalet, which shall be proved to exist, both vertex operators have a conformal weight (1, 1) . This is achieved imposing the following constraints:
whereλ stands for the running coupling constant at the scalet. Solving (3.17) with respect to the variables λ (±) , we obtain:
We can now calculate the values of the constants α andr in (3.12) and (3.16) as ‡ Even if the RG equations admit another solution, i.e. λ (−) ∈ [λ + , λ − ], we consider here only the solution with λ 2 + < λ (−) 2 < λ 2 − , which is in agreement, as we shall see, with our limiting case provided by the LBH-model. § Notice that imposing these conditions is equivalent to asking that, at the scalet, both β ± in (3.7) vanish.
functions of the parameters k and r:
.
As a consequence of this,
for any value of k and r. This means by (3.15 ) that the scalet is just the renormalization scale t 0 .
It is also easily seen that the particular combination 8rk + 16r − 2k vanishes identically for any value of k, so that the exponential parts in the γ ± scaling laws Considering what must happen at the scale t BC , where the theory becomes Bilal-Callan-like, and using (2.9) we find that
By (3.6) and (3.20) we get
and hence, from (3.19)we get:
Finally we want the η-independent vertex operator disappear -remember that η and ξ go to Ω in some "classical" limit -and hence we must impose that
This implies that the following conditions must hold: i)r < 0, which can also be read, by (3.19) , as −2 < k < 0. This condition can be further restrained to lead to −1 < k < 0, as k < −1 would imply an imaginary λ (−) . ¶ ii) |αb(t BC − t 0 )| >> 1, which implies that λ (−) (t BC ) must be substantially equal to the asymptotic value λ ± , given by (3.14).
We can solve the second constraint with respect to b, getting
and now, also using (3.15), (3.19 ) and (3.21), we can reexpress the running coupling constant λ (−) (t) and γ − (t) as:
The duality implies that γ − (t) behaves in the same manner both at an UV and at an IR scale; indeed we find, from (3.25), the asymptotic behaviour:
Let us eventually consider the remaining boundary conditions. Since by (2.7) 
(3.27) ¶ Notice here the necessity of having λ (+) = λ (−) , since otherwise we would haver = r by (3.16) and the condition would not be satisfied in any way.
Black Hole Thermodynamics
In this section we want to give a physical interpretation of the results of our RG analysis. We start from the observation made in Ref. 6 that, in the 2D-black hole described by the CGHS model, the Hawking temperature T H is proportional to the cosmological constant, which in our context is represented by γ − (t BC ).
We can thus think of the CATBH running coupling constant γ − (t) as of a scale dependent Hawking temperature T H (t):
A relation between the v. e. v. of the operator-valued scalar curvature √ −gR and the other CATBH running coupling constant λ (−) can be obtained in the classical limit e φ → 0. Indeed, if we consider the conformal gauge g µν = − 1 2 e 2λρ η µν , we get in tree approximation:
We may then state something about the end point state of the black hole evaporation, for the explicit solution describing the black hole formation by Nshock waves f i , with < ρ > computed at the tree level. In our contest, the CGHS ansatz for the classical solution < ρ >≡< ρ > tree looks like:
where θ is the Heaviside function and x ± ≡ x 0 ± x 1 and a ≡ const. Therefore,
, where the f -waves are sitting, we have by (4.2), using the light-cone coordinates x ± : where T 0 and m 0 are arbitrary constants. The vanishing of the Hawking temperature for small and large black hole masses is a consequence of the duality between the UV and IR limit of the quantum theory, which connects the small to the large mass scale. For N → ∞ we have by (3.27) s → 1 and thus we recover Hawking's semiclassical result for the astrophysical black hole m bh → ∞. This is a very nice feature that supports the self-consistency of our picture.
The end point state of the black hole evaporation is characterized by the limit m bh → 0. But in this limit T H and by (4.5) also < √ −ĝR > are vanishing. We understand this result as a signal that at the end point the black hole disappears completely from our 2D-universe, leaving a zero temperature regular remnant solution. This scenario has been suggested by Hawking [15] and 't Hooft, [16] but with a basic difference: for Hawking ('t Hooft) the final state is mixed (pure).
Of course at the level of the above RG analysis we cannot say anything on the final Hilbert space. However, we have an explicit quantum field model for answering, in principle, to the above question. Our point of view is to see whether the S-matrix
